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Abstract
In this paper, we study the representations and module-extensions of hom 3-Lie alge-
bras. We show that a linear map between hom 3-Lie algebras is a morphism if and only if
its graph is a hom 3-Lie subalgebra and show that the derivations of a hom 3-Lie algebra
is a Lie algebra. Derivation extension of hom 3-Lie algebras are also studied as an appli-
cation. Moreover, we introduce the definition of Tθ-extensions and T
∗
θ -extensions of hom
3-Lie sub-algebras in terms of modules, provide the necessary and sufficient conditions for
2k-dimensional metric hom 3-Lie algebra to be isomorphic to a T ∗θ -extensions.
Keywords: Hom 3-Lie algebra, module-extension, T ∗θ -extension, representation, defor-
mation.
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1 Introduction
3-Lie algebras are special types of n-Lie algebras and have close relationships with many
important fields in mathematics and mathematical physics[6,7,10]. The structure of 3-Lie
algebras is closely linked to the supersymmetry and gauge symmetry transformations of
the world-volume theory of multiple coincident M2-branes and is applied to the study
of the Bagger-Lambert theory. Moreover, the n-Jacobi identity can be regarded as a
generalized Plucker relation in the physics literature.
A Hom-Lie algebra is a triple (L, [·, ·]L, α), where α is a linear self-map, in which
the skewsymmetric bracket satisfies an α-twisted variant of the Jacobi identity, called
the Hom-Jacobi identity. When α is the identity map, the Hom-Jacobi identity reduces
Corresponding author(L. Chen): chenly640@nenu.edu.cn.
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to the usual Jacobi identity, and L is a Lie algebra. The notion of hom-Lie algebras
was introduced by Hartwig, Larsson and Silvestrov to describe the structures on certain
deformations of the Witt algebra and the Virasoro algebra [12]. Hom-Lie algebras are
also related to deformed vector fields, the various versions of the Yang-Baxter equations,
braid group representations, and quantum groups [7,18,19].
In this paper we give the definition of hom 3-Lie algebra, and construct new hom
3-Lie algebras from an existing hom 3-Lie algebra (L, [·, ·, ·]L, α) by adding L-module A
to L. Specializing to the case A = L∗, the dual space of L, we obtain the analogue
of T ∗-extension for hom 3-Lie algebras. We then investigate their relationships to even
dimensional metric hom 3-Lie algebras.
The paper is organized as follow. In Section 2 after giving the definition of hom
3-Lie algebras, we show that the direct sum of two hom 3-Lie algebras is still a hom
3-Lie algebra. A linear map between hom 3-Lie algebras is a morphism if and only if its
graph is a hom 3-Lie subalgebra. In section 3 we study derivations of multiplicative hom
3-Lie algebras. For any nonnegative integer k, we define αk-derivations of multiplicative
hom 3-Lie algebras. Considering the direct sum of the space of α-derivations, we prove
that it is a Lie algebra (Proposition 3.3). In particular, any α-derivations gives rise to a
derivation extension of the multiplicative hom 3-Lie algebras (L, [·, ·, ·]L, α)(Theorem 3.5).
In Section 4 we give the definition of representations of multiplicative hom 3-Lie algebras.
We show that one can obtain the semidirect product multiplicative hom 3-Lie algebras
(L ⊕ V, [·, ·, ·]ρA, α + A) associated to any representation ρA on V of the multiplicative
hom 3-Lie algebras (L, [·, ·, ·]L, α) (Proposition 4.2). We also describes module extensions
(associated with a 3-cocycle) of hom 3-Lie algebras. In Section 5, T ∗θ -extensions of hom
3-Lie algebras is studied.
2 Hom 3-Lie algebra
Definition 2.1. (1) A hom 3-Lie algebra is a triple (L, [·, ·, ·]L, α) consisting of a vector
space L, a 3-ary skew-symmetric operation [·, ·, ·]L : ∧
3L→ L and a linear map α : L→ L
satisfying
[α(x), α(y), [u, v, w]L]L = [[x, y, u]L, α(v), α(w)]L + [α(u), [x, y, v]L, α(w)]L
+[α(u), α(v), [x, y, w]L]L. (1)
where x, y, u, v, w ∈ L, the identity (1) is called the hom-Jacobi identity.
(2) A hom 3-Lie algebra is called a multiplicative hom 3-lie algebra if α is an algebraic
morphism, i.e. for any x, y, z ∈ L, we have α([x, y, z]L) = [α(x), α(y), α(z)]L.
(3) A hom 3-Lie algebra is called a regular hom 3-Lie algebra if α is an algebra
automorphism.
(4) A sub-vector space I ⊆ L is a hom 3-Lie sub-algebra of (L, [·, ·, ·]L, α) if α(I) ⊆ I
and I is closed under the bracket operation [·, ·, ·]L, i.e. [I, I, I]L ∈ I. I is called a hom
3-Lie algebra ideal of L if [I, L, L]L ⊆ I.
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If α = Id in Definition 2.1, then (L, [·, ·, ·]L, α) is a 3-Lie algebra [8].
Consider the direct sum of two hom 3-Lie algebras, we have
Proposition 2.2. Given two hom 3-Lie algebras (L, [·, ·, ·]L, α) and (Γ, [·, ·, ·]Γ, β), there
is a hom 3-Lie algebra (L⊕Γ, [·, ·, ·]L⊕Γ, α+β), where the 3-ary skew-symmetric operation
[·, ·, ·]L⊕Γ : ∧
2(L⊕ Γ→ L⊕ Γ) is given by
[u1 + v1, u2 + v2, u3 + v3]L⊕Γ = [u1, u2, u3]L + [v1, v2, v3]Γ, ∀ui ∈ L, vi ∈ Γ,
and the linear map (α+ β) : L⊕ Γ→ L⊕ Γ is given by
(α + β)(u+ v) = α(u) + β(v), ∀u ∈ L, v ∈ Γ.
Proof. It is clear by Definition 2.1.
Definition 2.3. Let (L, [·, ·, ·]L, α) and (Γ, [·, ·, ·]Γ, β) be two hom 3-Lie algebras. A mor-
phism φ : L→ Γ is said to be a morphism of hom 3-Lie algebras if
φ[u, v, w]L = [φ(u), φ(v), φ(w)]Γ, ∀u, v, w ∈ L, (2)
φ ◦ α = α ◦ φ. (3)
Denote by Gφ ∈ L⊕ Γ be the graph of a linear map φ : L→ Γ.
Proposition 2.4. A linear map φ : (L, [·, ·, ·]L, α) → (Γ, [·, ·, ·]Γ, β) is a morphism of
hom 3-Lie algebras if and only if the graph Gφ ⊂ L ⊕ Γ is a hom 3-Lie sub-algebras of
(L⊕ Γ, [·, ·, ·]L⊕Γ, α + β).
Proof. Let φ : (L, [·, ·, ·]L, α)→ (Γ, [·, ·, ·]Γ, β) be a morphism of hom 3-Lie algebras.
For any u, v, w ∈ L, we have
[u+φ(u), v+φ(v), w+φ(w)]L⊕Γ = [u, v, w]L+[φ(u), φ(v), φ(w)]Γ = [u, v, w]L+φ[u, v, w]L.
Then the graph Gφ is closed under the bracket operation [·, ·, ·]L⊕Γ. Furthermore, by (2),
we have
(α + β)(u+ φ(u)) = α(u) + β ◦ φ(u) = α(u) + φ ◦ α(u),
which implies that (α+ β)(Gφ) ⊂ Gφ. Thus Gφ is a hom 3-Lie algebras of
(L⊕ Γ, [·, ·, ·]L⊕Γ, α+ β).
Conversely, if the graph Gφ ⊂ L⊕Γ is a hom 3-Lie subalgebras of (L⊕Γ, [·, ·, ·]L⊕Γ, α+
β), then we have
[u+ φ(u), v + φ(v), w + φ(w)]L⊕Γ = [u, v, w]L + [φ(u), φ(v), φ(w)]Γ ∈ Gφ,
which implies that
[φ(u), φ(v), φ(w)]Γ = φ[u, v, w]L.
Furthermore, (α + β)(Gφ) ⊂ Gφ yields that
(α+ β)(u+ φ(u)) = α(u) + β ◦ φ(u) ∈ Gφ,
which is equivalent to the condition β ◦ φ(u) = φ ◦α(u), i.e. β ◦ φ = φ ◦α. Therefore, Gφ
is a morphism of hom 3-Lie algebras.
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3 Derivations of hom 3-Lie algebras
Let (L, [·, ·, ·]L, α) be a multiplicative hom 3-Lie algebra. For any nonnegative integer k,
denote by αk the k-times composition of α, i.e.
αk = α ◦ · · · ◦ α (k − times).
In particular, α0 = Id and α1 = α. If (L, [·, ·, ·]L, α) is a regular hom 3-Lie algebra, we
denote by α−k the k-times composition of α1, the inverse of α.
Definition 3.1. For any nonnegative integer k, a linear map D : L → L is called an
αk-derivation of the multiplicative hom 3-Lie algebra (L, [·, ·, ·]L, α), if
[D,α] = 0, i.e. D ◦ α = α ◦D, (4)
and
D[u, v, w]L = [D(u), α
k(v), αk(w)]L + [α
k(u), D(v), αk(w)]L
+[αk(u), αk(v), D(w)]L, ∀u, v, w ∈ L. (5)
For a regular hom 3-Lie algebra, α−k-derivations can be defined similarly.
Denote by Derka(L) the set of α
k-derivations of the multiplicative hom 3-Lie algebra
(L, [·, ·, ·]L, α). For any u1, u2 ∈ L satisfying α(u1) = u1, α(u2) = u2, define adk(u1, u2) :
L→ L by
adk(u1, u2)(v) = [u1, u2, α
k(v)]L, ∀v ∈ L.
Then adk(u1, u2) is an α
k+1-derivation, which we call an inner αk+1-derivation. In fact,
we have
adk(u1, u2)(α(v)) = [u1, u2, α
k+1(v)]L = α([u1, u2, α
k(v)]L) = α ◦ adk(u1, u2)(v),
which implies that (4) in Defition 3.1 is satisfied. On the other hand, we have
adk(u1, u2)([v1, v2, v3]L)
= [u1, u2, α
k([v1, v2, v3]L)]L = [α(u1), α(u2), [α
k(v1), α
k(v2, α
k(v3]L]L
= [[u1, u2, α
k(v1)]L, α
k+1(v2), α
k+1(v3)]L + [α
k+1(v1), [u1, u2, α
k(v2)]L, α
k+1(v3)]L
+[αk+1(v1), α
k+1(v2), [u1, u2, α
k(v3)]L]L
= [adk(u1, u2)(v1), α
k+1(v2), α
k+1(v3)]L + [α
k+1(v1), adk(u1, u2)(v2), α
k+1(v3)]L
+[αk+1(v1), α
k+1(v2), adk(u1, u2)(v3)]L.
Therefore, adk(u1, u2) is an α
k+1-derivation. Denote by Innαk(L) the set of inner α
k-
derivations, i.e.
Innαk(L) = {[u1, u2, α
k−1(·)]L|u1, u2 ∈ L, α(ui) = (ui), i = 1, 2}. (6)
In particular we use ad represent ad0.
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For any D ∈ Derαk(L) and D
′
∈ Derαs(L), define their commutator [D,D
′
] as usual:
[D,D
′
] = D ◦D
′
−D
′
◦D. (7)
Lemma 3.2. For any D ∈ Derαk(L) and D
′
∈ Derαs(L), we have
[D,D
′
] ∈ Derαk+s(L).
Proof. For any u, v, w ∈ L, we have
[D,D
′
]([u, v, w]L) = D ◦D
′
([u, v, w]L)−D
′
◦D([u, v, w]L)
= D([D
′
(u), αs(v), αs(w)]L + [α
s(u), D
′
(v), αs(w)]L + [α
s(u), αs(v), D
′
(w)]L)
−D
′
([D(u), αk(v), αk(w)]L + [α
k(u), D(v), αk(w)]L + [α
k(u), αk(v), D(w)]L)
= [D ◦D
′
(u), αk+s(v), αk+s(w)]L + [α
k ◦D
′
(u), D ◦ αs(v), αk+s(w)]L
+[αk ◦D
′
(u), αk+s(v), D ◦ αs(w)]L + [D ◦ α
s(u), αk ◦D
′
(v), αk+s(w)]L
+[αk+s(u), D ◦D
′
(v), αk+s(w)]L + [α
k+s(u), αk ◦D
′
(v), D ◦ αs(w)]L
+[D ◦ αs(u), αk+s(v), αk ◦D
′
(w)]L + [α
k+s(u), D ◦ αs(v), αk ◦D
′
(w)]L
+[αk+s(u), αk+s(v), D ◦D
′
(w)]L − [D
′
◦D(u), αk+s(v), αk+s(w)]L
−[αs ◦D(u), D
′
◦ αk(v), αk+s(w)]L − [α
s ◦D(u), αk+s(v), D
′
◦ αk(w)]L
−[D
′
◦ αk(u), αs ◦D(v), αk+s(w)]L − [α
k+s(u), D
′
◦D(v), αk+s(w)]L
−[αk+s(u), αs ◦D(v), D
′
◦ αk(w)]L − [D
′
◦ αk(u), αk+s(v), αs ◦D(w)]L
−[αk+s(u), D
′
◦ αk(v), αs ◦D(w)]L − [α
k+s(u), αk+s(v), D
′
◦D(w)]L.
Since D and D
′
satisfy
D ◦ α = α ◦D,D
′
◦ α = α ◦D
′
,
we have
D ◦ αs = αs ◦D,D
′
◦ αk = αk ◦D
′
.
Then
[D,D
′
]([u, v, w]L)
= [D ◦D
′
(u)−D
′
◦D(u), αk+s(v), αk+s(w)]L
+[αk+s(u), D ◦D
′
(v)−D
′
◦D(v), αk+s(w)]L
+[αk+s(u), αk+s(v), D ◦D
′
(w)−D
′
◦D(w)]L
= [[D,D
′
](u), αk+s(v), αk+s(w)]L + [α
k+s(u), [D,D
′
](v), αk+s(w)]L
+[αk+s(u), αk+s(v), [D,D
′
](w)]L.
Furthermore, it is straightforward to see that
[D,D
′
] ◦ α = D ◦D
′
◦ α−D
′
◦D ◦ α
= α ◦D ◦D
′
− α ◦D
′
◦D
= α ◦ [D,D
′
],
which yields that [D,D
′
] ∈ Derαk+s(L).
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Denote by
Der(L) = ⊕k≥0Derαk(L). (8)
By Lemma 3.2, we have
Proposition 3.3. With the above notations, Der(L) is a Lie algebra, in which the Lie
bracket is given by (7).
Remark 3.4. Similarly, we can obtain a Lie algebra ⊕kDerαk(L), where k is any integer,
L is a regular hom 3-Lie algebra.
At the end of this section, we consider the derivation extension of the multiplicative
hom 3-Lie algebra (L, [·, ·, , ·]L, α) and give an application of the α-derivation Derα(L).
For any linear map D : L → L, consider the vector space L ⊕ RD. Define a 3-ary
skew-symmetric operation [·, ·, ·]L on L⊕ RD by
[u+ lD, v +mD,w + nD]D = [u, v, w, ]L + lD(v) +mD(w)− nD(u),
[u, v, w]D = [u, v, w]L, [D, u, v]D = [v,D, u]D = −[u, v,D]D = D(u), ∀u, v, w ∈ L.
Define a linear map α
′
: L⊕ RD → L⊕ RD by α
′
(u+D) = α(u) +D, i.e.
α
′
=
(
α 0
0 1
)
.
Theorem 3.5. With the above notations, (L ⊕ RD, [·, ·, ·]D, α
′
) is a multiplicative hom
3-Lie algebra if and only if D is an α- derivation of the multiplicative hom 3-Lie algebra
(L, [·, ·, ·]L, α).
Proof. First, for any u, v, w ∈ L, l, m, n ∈ R, we have
α
′
([u+ lD, v +mD,w + nD]D) = α
′
([u, v, w, ]L + lD(v) +mD(w)− nD(u))
= α([u, v, w]L) + lα ◦D(v) +mα ◦D(w)− nα ◦D(u)
and
[α
′
(u+ lD), α
′
(v +mD), α
′
(w + nD)]D = [α(u) + lD, α(v) +mD,α(w) + nD]D
= [α(u), α(v), α(w)]L + lD ◦ α(v) +mD ◦ α(w)− nD ◦ α(u).
Since α is an algebra morphism, α
′
is an algebra morphism if and only if
D ◦ α = α ◦D.
On the other hand, we have
[α
′
(x), α
′
(D), [u, v, w]D]D = [α(x), D, [u, v, w]D]D
= [[x,D, u]D, α(v), α(w)]D + [α(u), [x,D, v]D, α(w)]D + [α(u), α(v), [x,D,w]D]D
= [D(u), α(v), α(w)]D + [α(u), D(v), α(w)]D + [α(u), α(v), D(w)]D.
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It is obvious that the hom-Jacobi identity is satisfied if and only if the following condition
holds
D[u, v, w]D = [D(u), α(v), α(w)]D + [α(u), D(v), α(w)]D + [α(u), α(v), D(w)]D.
So (L ⊕ RD, [·, ·, ·]D, α
′
) is a multiplicative hom 3-Lie algebra if and only if D is an
α-derivation of (L, [·, ·, ·]L, α).
4 Tθ-extension of hom 3-Lie algebras
In this section, we study representations of multiplicative hom 3-Lie algebras. We also
prove that one can form semidirect product multiplicative hom 3-Lie algebras when given
representations of multiplicative hom 3-Lie algebras. Let (L, [·, ·, ·]L, α) be a multiplicative
hom 3-Lie algebra and V be an vector space. Let A ∈ gl(V ) be an arbitrary linear
transformation from V to V .
Definition 4.1. A representation of multiplicative hom 3-Lie algebra (L, [·, ·, ·]L, α) on
the vector space V with respect to A ∈ gl(V ) is a bilinear map ρA : L→ gl(V ), such that
for any x, y, z, u ∈ L, the basic property of this map is that:
ρA(α(u), α(v)) ◦ A = A ◦ ρA(u, v), (9)
ρA([x, y, z], α(u)) ◦ A
= ρA(α(y), α(z))ρA(x, u) + ρA(α(z), α(x))ρA(y, u) + ρA(α(x), α(y))ρA(z, u), (10)
ρA(α(x), α(y))ρA(z, u)
= ρA(α(z), α(u))ρA(x, y) + ρA([x, y, z], α(u)) ◦ A + ρA(α(z), [x, y, u]) ◦ A. (11)
then (V, ρA) is called a representation of L, or V is an L-module.
As an example, let ρA(x, y) = ad(x, y) for all x, y ∈ L. Then (L, ad) is an L-
module, called the adjoint module of L. If (V, ρA) is an L-module, then the dual space
V ∗ of V is an L-module in the following way. For f ∈ V ∗, v ∈ V, x, y,∈ L, define
ρ∗A : L ∧ L −→ End(V
∗).
ρ∗A(x, y)(f)(v) = −f(ρA(x, y)(v)). (12)
We call the V ∗ the dual module of V .
In the case of Lie algebras, we can form semidirect products when given representa-
tions. Similarly, we have
Proposition 4.2. Given a representation ρA of the multiplicative hom 3-Lie algebra
(L, [·, ·, ·]L, α) on the vector space V with respect to A ∈ gl(V ). Define a 3-ary skew-
symmetric bracket operation [·, ·, ·]ρA : ∧
3(L⊕ V )→ L⊕ V by
[u+X, v + Y, w + Z]ρA = [u, v, w]L + ρA(u, v)(Z) + ρA(w, u)(Y ) + ρA(v, w)(X), (13)
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Define α + A : L⊕ V → L⊕ V by
(α + A)(u+X) = α(u) + AX.
Then (L ⊕ V, [·, ·, ·]ρA, α + A) is a multiplicative hom 3-Lie algebra, which we call the
semidirect product of the multiplicative hom 3-Lie algebra (L, [·, ·, ·]L, α) and V.
Proof. First we show that α + A is an algebra morphism, On one hand, we have
(α + A)([u+X, v + Y, w + Z]ρA)
= (α + A)([u, v, w]L + ρA(u, v)(Z) + ρA(w, u)(Y ) + ρA(v, w)(X))
= α([u, v, w]L) + A ◦ ρA(u, v)(Z) + A ◦ ρA(w, u)(Y ) + A ◦ ρA(v, w)(X).
On the other hand, we have
[(α + A)(u+X), (α+ A)(v + Y ), (α+ A)(w + Z)]ρA
= [α(u) + AX,α(v) + AY, α(w) + AZ]ρA
= [α(u), α(v), α(w)]L + ρA(α(u), α(v))(AZ) + A ◦ ρA(α(w), α(u))(AY )
+A ◦ ρA(α(v), α(w))(AX).
Since α is an algebra morphism, ρA and A satisfy (9), it follows that α+A is a morphism
with respect to the bracket to [·, ·, ·]ρA. It is not hard to deduce that
[(α + A)(v1 + Y1), (α+ A)(v2 + Y2), [u1 +X1, u2 +X2, u3 +X3]ρA]ρA
= [α(v1), α(v2), [u1, u2, u3]L]L + ρA(α(v1), α(v2))ρA(u1, u2)(X3)
+ρA(α(v1), α(v2))ρA(u3, u1)(X2) + ρA(α(v1), α(v2))ρA(u2, u3)(X1)
+ρA([u1, u2, u3]L, α(v1)) ◦ A(Y2) + ρA(α(v2), [u1, u2, u3]L) ◦ A(Y1),
[[v1 + Y1, v2 + Y2, u1 +X1]ρA, (α + A)(u2 +X2), (α + A)(u3 +X3)]ρA
= [[v1, v2, u1]L, α(u2), α(u3)]L + ρA([v1, v2, u1]L, α(u2)) ◦ A(X3)
+ρA(α(u3), [v1, v2, u1]L) ◦A(X2) + ρA(α(u2), α(u3))ρA(v1, v2)(X1)
+ρA(α(u2), α(u3))ρA(u1, v1)(Y2) + ρA(α(u2), α(u3))ρA(v2, u1)(Y1),
[(α + A)(u1 +X1), [v1 + Y1, v2 + Y2, u2 +X2]ρA, (α + A)(u3 +X3)]ρA
= [α(u1), [v1, v2, u2]L, α(u3)]ρA + ρA(α(u1), [v1, v2, u2]L) ◦ A(X3)
+ρA([v1, v2, u2]L, α(u3)) ◦A(X1) + ρA(α(u3), α(u1))ρA(v1, v2)(X2)
+ρA(α(u3), α(u1))ρA(u2, v1)(Y2) + ρA(α(u3), α(u1))ρA(v2, u2)(Y1),
[(α + A)(u1 +X1), (α+ A)(u2 +X2), [v1 + Y1, v2 + Y2, u3 +X3]ρA]ρA
= [α(u1), α(u2), [v1, v2, u3]L]ρA + ρA(α(u1), α(u2))ρA(v1, v2)(X3)
+ρA(α(u1), α(u2))ρA(u3, v1)(Y2) + ρA(α(u1), α(u2))ρA(v2, u3)(Y1)
+ρA([v1, v2, u3]L, α(u1)) ◦A(X2) + ρA(α(u2), [v1, v2, u2]L) ◦ A(X1).
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By (11), we have
ρA(α(v1), α(v2))ρA(u1, u2)(X3)
= ρA(α(u1), α(u2))ρA(v1, v2)(X3) + ρA([v1, v2, u1]L, α(u2)) ◦ A(X3)
+ρA(α(u1), [v1, v2, u2]L) ◦ A(X3).
Similar, we have
[(α + A)(v1 + Y1), (α + A)(v2 + Y2), [u1 +X1, u2 +X2, u3 +X3]ρA]ρA
= [[v1 + Y1, v2 + Y2, u1 +X1]ρA, (α+ A)(u2 +X2), (α+ A)(u3 +X3)]ρA
+[(α+ A)(u1 +X1), [v1 + Y1, v2 + Y2, u2 +X2]ρA, (α + A)(u3 +X3)]ρA
+[(α+ A)(u1 +X1), (α+ A)(u2 +X2), [v1 + Y1, v2 + Y2, u3 +X3]ρA]ρA.
The hom-Jacobi identity is satisfied. Thus, (L⊕V, [·, ·, ·]ρA, α+A) is a multiplicative hom
3-Lie algebra.
Definition 4.3. Let (L, [·, ·, ·]L, α) be a hom 3-Lie algebra and (V, ρA) be an L-module. If
θ : L ∧ L ∧ L→ V is a 3-linear mapping and satisfies, for every x, y, z, u, v ∈ L,
θ([x, u, v]L, α(y), α(z)) + θ([y, u, v]L, α(z), α(x)) + θ(α(x), α(y), [z, u, v]L)
−θ([x, y, z]L, α(u), α(v)) + ρA(α(y), α(z))θ(x, u, v) + ρA(α(z), α(x))θ(y, u, v)
+ρA(α(x), α(y))θ(z, u, v)− ρA(α(u), α(v))θ(x, y, z) = 0. (14)
then θ is called a 3-cocycle associated with ρA.
Cocycles are a fundamental concept in the theory of cohomology of Lie algebras.
Using 3-cocycles, we are able to construct new hom 3-Lie algebras by adding L-modules
as follow.
Lemma 4.4. Let (L, [·, ·, ·]L, α) be a hom 3-Lie algebra and (V, ρA) be an L-module. Define
α + A : L⊕ V → L⊕ V by
(α + A)(x+ f) = α(x) + A ◦ f,
and f ∈ V is compatible with α and A in sense that A ◦ f = f ◦ α. If θ : L ∧ L ∧ L→ V
is a 3-cocycle, then (L ⊕ V, [·, ·, ·]θ, α + A) is a hom 3-Lie algebra under the following
multiplication:
[x1 + y1, x2 + y2, x3 + y3]θ
= [x1, x2, x3]L + θ(x1, x2, x3) + ρA(x1, x2)(y3) + ρA(x3, x1)(y2) + ρA(x2, x3)(y1).(15)
where x1, x2, x3 ∈ L and y1, y2, y3 ∈ V.
Proof. It is easy by virtue of a routine computation.
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Definition 4.5. Denote the hom 3-Lie algebra (L⊕ V, [·, ·, ·]θ, α+ A) by Tθ(L), Tθ(L) is
called the Tθ-extension of (L, [·, ·, ·]L, α) by the L-module V .
Lemma 4.6. Let (L, [·, ·, ·]L, α) be a hom 3-Lie algebra and (V, ρA) be an L-module. For
every linear mapping f : L→ V , the ternary skew-symmetric mapping θf : L∧L∧L→ V
given by
θf(x, y, z) = f([x, y, z]L)− ρA(x, y)f(z)− ρA(z, x)f(y)− ρA(y, z)f(x), (16)
for all x, y, z ∈ L, is a 3-cocycle associated with ρA.
Proof. A tedious caculation shows that, for every x, y, z, u, v ∈ L,
θf ([x, u, v]L, α(y), α(z)) + θf ([y, u, v]L, α(z), α(x)) + θf (α(x), α(y), [z, u, v]L)
−θf ([x, y, z]L, α(u), α(v)) + ρA(α(y), α(z))θf(x, u, v) + ρA(α(z), α(x))θf(y, u, v)
+ρA(α(x), α(y))θf(z, u, v)− ρA(α(u), α(v))θf(x, y, z) = 0. (17)
It follows that θ is called a 3-cocycle associated with ρA.
Theorem 4.7. Let (L, [·, ·, ·]L, α) be a hom 3-Lie algebra and (V, ρA) be an L-module.
then for every linear mapping f : L→ V ,
σ : Tθ(L)→ Tθ+θf (L), σ(x+ v) = x+ f(x) + v, x ∈ L, v ∈ V,
is a hom 3-Lie algebra isomorphism.
Proof. It is clear that σ is a bijection. Next, for every x1, x2, x3 ∈ L, v1, v2, v3 ∈ V ,
σ([x1 + v1, x2 + v2, x3 + v3]θ)
= σ([x1, x2, x3]L + θ(x1, x2, x3) + ρA(x1, x2)(v3) + ρA(x3, x1)(v2) + ρA(x2, x3)(v1))
= [x1, x2, x3]L + θ(x1, x2, x3) + f([x1, x2, x3]L) + ρA(x1, x2)(v3) + ρA(x3, x1)(v2)
+ρA(x2, x3)(v1).
On the other hand
[σ(x1 + v1), σ(x2 + v2), σ(x3 + v3)]θ+θf
= [x1 + f(x1) + v1, x2 + f(x2) + v2, x3 + f(x3) + v3]θ+θf
= [x1, x2, x3]L + (θ + θf )(x1, x2, x3) + ρA(x1, x2)(f(x3)) + ρA(x1, x2)(v3)
+ρA(x3, x1)(f(x2)) + ρA(x3, x1)(v2) + ρA(x2, x3)(f(x1)) + ρA(x2, x3)(v1).
By (16), we have
σ([x1 + v1, x2 + v2, x3 + v3]θ) = [σ(x1 + v1), σ(x2 + v2), σ(x3 + v3)]θ+θf .
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5 T ∗θ (L)-extension of metric hom 3-Lie algebras
The method of T*-extension has already been used for 3-Lie algebras in [8, 14]. Now we
will generalize it to hom 3-Lie algebras.
Note that every hom 3-Lie algebra (L, [·, ·, ·]L, α) is an L-module with respect to the
adjoint representation ad : L ∧ L→ End(L), ad(x, y)(z) = [x, y, z]L for every x, y, z ∈ L.
By (12), ad∗(x, y) : L ∧ L→ End(L∗) is given by
ad∗(x, y)(f)(z) = −f([x, y, z]L), (18)
for all x, y, z ∈ L, f ∈ L∗, then (L∗, ad∗) is an L-module, called the coadjoint module of
L. It follows from Lemma 4.4 that, for each 3-cocycle θ : L∧L∧L→ L∗ associated with
ad∗, the extension T ∗θ (L) = L ⊕ L
∗ provided with the following bracket and linear map
defined respectively by
[x1 + f1, x2 + f2, x3 + f3]θ = [x1, x2, x3]L + θ(x1, x2, x3) + ad
∗(x1, x2)(f3)
+ad∗(x3, x1)(f2) + ad
∗(x2, x3)(f1), (19)
α
′
(x+ f) = α(x) + f ◦ α, ∀xi ∈ L, fi ∈ L
∗, i = 1, 2, 3.
Then (L⊕ L∗, [·, ·, ·]θ, α
′
) is a hom 3-Lie algebra.
Definition 5.1. The hom 3-Lie algebra (L⊕ L∗, [·, ·, ·]θ, α
′
) is called the T ∗θ -extension of
(L, [·, ·, ·]L, α).
Definition 5.2. Let L be a hom 3-Lie algebra over a field K. We inductively define a
derived series
(L(n))n≥0 : L
(0) = L, L(n+1) = [L(n), L(n), L],
a central descending series
(Ln)n≥0 : L
0 = L, Ln+1 = [Ln, L, L],
and a central ascending series
(Cn(L))n≥0 : C0(L) = 0, Cn+1(L) = C(Cn(L)),
where C(I) = {a ∈ L|[a, L, L] ⊆ I} for a subspace I of L.
L is called solvable and nilpotent(of length k) if and only if there is a smallest integer
k such that L(k) = 0 and Lk = 0, respectively.
Theorem 5.3. Let (L, [·, ·, ·]L, α) be a hom 3-Lie algebra. If L is solvable, then every
T ∗θ (L)-extension of (L, [·, ·, ·]L, α) is solvable. If L is nilpotent, so is T
∗
θ (L).
Proof. Let (L, [·, ·, ·]L, α) be solvable and L
(s) = [L(s−1), L(s−1), L] = 0 for some
nonnegative integer s. For each 3-cocycle θ : L∧L∧L → L∗ associated with ad∗, by (19),
we have
T ∗θ (L)
(1) ⊆ [L, L, L]L + [L, L, L
∗]θ = L
1 + [L, L, L∗]θ ⊆ L
1 + L∗
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and f(L) ⊆ f(L1) for f ∈ [L, L, L∗]θ. Inductively, we have
T ∗θ (L)
(k) ⊆ [T ∗θ (L)
(k−1), T ∗θ (L)
(k−1), L⊕ L∗]θ = L
(k) + L∗.
Since L(s) = 0 and L∗ is an abelian ideal of T ∗θ (L), we obtain that T
∗
θ (L)
(s+1) = 0. It
follows that T ∗θ (L) is a solvable hom 3-Lie algebra.
If (L, [·, ·, ·]L, α) is nilpotent with L
s = 0, a similar discussion yields that
T ∗θ (L)
(1) ⊆ [L, L, L]L + [L
∗, L, L]θ,
· · ·
T ∗θ (L)
(k+1) ⊆ Lk + [L, L, [· · · [L, L, L∗]θ]θ, · · · ]θ.
Note that for f ∈ [L, L, [· · · [L, L, L∗]θ]θ, · · · ]θ, we have f(L) ⊆ f(L
k). Thus T ∗θ (L)
s = 0,
this is, T ∗θ (L) is a nilpotent hom 3-Lie algebra.
Let T ∗θ (L) = L ⊕ L
∗ be the T ∗θ -extension of L. Define a bilinear form qL : T
∗
θ (L) ∧
T ∗θ (L)→ F by
qL(x1 + f1, x2 + f2) = f1(x2) + f2(x1), ∀xi ∈ L, fi ∈ L
∗, i = 1, 2, (20)
this bilinear form is non-degenerate.
Theorem 5.4. (T ∗θ (L), qL, α
′
) is a metric hom 3-Lie algebra if and only if θ satisfies
θ(x1, x2, x3)(x4) + θ(x1, x2, x4)(x3) = 0, ∀xi ∈ L, i = 1, 2, 3, 4. (21)
Proof. If (T ∗θ (L), qL, α
′
) is a metric hom 3-Lie algebra, it follows from (19) and (20)
that θ satisfies (21). Conversely, if θ satisfies (21), then by (18), for every xi ∈ L, fi ∈
L∗, i = 1, 2, 3, 4, we have
qL([x1 + f1, x2 + f2, x3 + f3]θ, x4 + f4) + qL([x1 + f1, x2 + f2, x4 + f4]θ, x3 + f3)
= qL([x1, x2, x3]L + θ(x1, x2, x3) + ad
∗(x1, x2)(f3) + ad
∗(x3, x1)(f2)
+ad∗(x2, x3)(f1), x4 + f4) + qL([x1, x2, x4]L + θ(x1, x2, x4)
+ad∗(x1, x2)(f4) + ad
∗(x4, x1)(f2) + ad
∗(x2, x4)(f1), x3 + f3)
= ad∗(x1, x2)(f3)(x4) + ad
∗(x3, x1)(f2)(x4) + ad
∗(x2, x3)(f1)(x4)
+f4([x1, x2, x3]L) + θ(x1, x2, x3)(x4) + ad
∗(x1, x2)(f4)(x3) + ad
∗(x4, x1)(f2)(x3)
+ad∗(x2, x4)(f1)(x3) + f3([x1, x2, x4]L) + θ(x1, x2, x4)(x3)
= θ(x1, x2, x3)(x4) + θ(x1, x2, x4)(x3).
Thus qL is ad-invariant if and only if the identity (21) holds.
Definition 5.5. Let (G,B, β) and (G
′
, B
′
, β
′
) be two metric hom 3-Lie algebras. If there
exists a linear isomorphism σ : G→ G
′
such that
σ([x, y, z]G) = [σ(x), σ(y), σ(z)]G′ and B(x, y) = B
′
(σ(x), σ(y)) for all x, y ∈ G.
Then (G,B, β) and (G
′
, B
′
, β
′
) are called isometric.
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Next, we describe the relationship between metric hom 3-Lie algebras of even dimen-
sions and the T ∗θ -extension of hom 3-Lie algebras.
Theorem 5.6. Let (G,B, β) be a 2k-dimensional metric hom 3-Lie algebra over F. Then
(G,B, β) is isometric to a T ∗θ -extension of a hom 3-Lie algebra (L, [·, ·, ·]L, α) if and only
if G contains a k-dimensional isotropic ideal I. Furthermore, L is isomorphic to G/I.
Proof. If (G,B, β) is isomorphic to some T ∗θ -extension (T
∗
θ (L), qL, α
′
) of a hom 3-
Lie algebra (L, [·, ·, ·]L, α) with an isometric isomorphism T
∗
θ (L) = L ⊕ L
∗ → G, then
I = σ(L∗) is an isotropic ideal of G and dimI = dimL∗ = k. Also, L ∼= T ∗θ /L
∗ ∼=
σ(T ∗θ (L))/σ(L
∗) = G/I.
Conversely, let I be a k-dimensional abelian isotropic ideal of G. Denote by L the
quotient hom 3-Lie algebra G/I. Let ρ : G → L be the canonical projection such that
ρ(x) = x + I = x¯ for every x ∈ G. We can choose an isotropic complementary vector
subspace L0 of G such that G = L0 ⊕ I and L
⊥
0 = L0. Then φ = ρ|L0 → L is a linear
isomorphism.
Denote by ρ0 and ρ1 the projection G→ L0 and G→ I, respectively. Let
δ : I → L∗, δ(i)(x¯) = B(i, x), ∀i ∈ I, x¯ ∈ L. (22)
As I is isotropic and B is non-degenerate on G, we see that δ is a linear isomorphism
from I onto L∗ and satisfies
δ([g1, g2, i]G)(g¯3) = B([g1, g2, i]G, g3)
= −B([g1, g2, g3]G, i)
= −δ(i)([g1, g2, g3]G)
= −δ(i)([g¯1, g¯2, g¯3]G)
= ad∗(g¯1, g¯2)(δ(i))(g¯3),
for all g1, g2, g3 ∈ G, i ∈ I, where the ad
∗(x, y) : L ∧ L → End(L∗) is the coadjoint
representation of L. Therefore,
δ([g1, g2, i]G) = ad
∗(g¯1, g¯2)(δ(i)). (23)
Set θ : L ∧ L ∧ L→ L∗. We have
θ(x¯1, x¯2, x¯3) = δ(ρ1([x1, x2, x3]G)), ∀x1, x2, x3 ∈ L0. (24)
Thanks to (22)-(24), for every x, y, z, u, v ∈ L0,
0 = (θ([x¯, u¯, v¯]L, α(y¯), α(z¯)) + θ([y¯, u¯, v¯]L, α(z¯), α(x¯)) + θ(α(x¯), α(y¯), [z¯, u¯, v¯]L)
−θ([x¯, y¯, z¯]L, α(u¯), α(v¯)) + ad
∗(α(y¯), α(z¯))θ(x¯, u¯, v¯) + ad∗(α(z¯), α(x¯))θ(y¯, u¯, v¯)
+ad∗(α(x), α(y))θ(z, u, v)− ad∗(α(u), α(v))θ(x, y, z))(w¯), (25)
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which shows that θ is a 3-cocycle associated with ad∗. Then we get a T ∗θ -extension
T ∗θ (L) = L⊕ L
∗ of L with the following multiplication:
[x¯1 + f1, x¯2 + f2, x¯3 + f3]θ = [x¯1, x¯2, x¯3]L + δ(ρ1([x1, x2, x3]G)) + ad
∗(x¯1, x¯2)(f3)
+ad∗(x¯3, x¯1)(f2) + ad
∗(x¯2, x¯3)(f1), (26)
for all xi ∈ L0, fi ∈ L
∗,i = 1, 2, 3.
Let
σ : G = L0 ⊕ I → T
∗
θ (L), σ(x+ i) = x+ δ(i), ∀x ∈ L0, i ∈ I.
Then σ is a linear isomorphism, and for every x1, x2, x3 ∈ L0, i1, i2, i3,∈ I,
σ([x1 + i1, x2 + i2, x3 + i3]L)
= σ([x1, x2, x3]L + [i1, x2, x3]L + [x1, i2, x3]L + [x1, x2, i3]L)
= σ(ρ0([x1, x2, x3]L) + ρ1([x1, x2, x3]L) + [i1, x2, x3]L + [x1, i2, x3]L + [x1, x2, i3]L)
= [x1, x2, x3]L + δ(ρ1([x1, x2, x3]L) + [i1, x2, x3]L + [x1, i2, x3]L + [x1, x2, i3]L)
= [x1, x2, x3]L + θ([x1, x2, x3]L) + δ([i1, x2, x3]L + [x1, i2, x3]L + [x1, x2, i3]L)
= [x1, x2, x3]L + θ([x1, x2, x3]L) + ad
∗(x¯1, x¯2)(δ(i3)) + ad
∗(x¯3, x¯1)(δ(i2))
+ad∗(x¯2, x¯3)(δ(i1))
= [x¯1 + δ(i1), x¯2 + δ(i2), x¯3 + δ(i3)]θ
= [σ(x1 + i1), σ(x2 + i2), σ(x3 + i3)]θ.
It follows from the ad-invariance of B that for every u, v, w, x ∈ L0,
θ(u¯, v¯, w¯)(x¯) + θ(u¯, v¯, x¯)(w¯) = δ(ρ1([u, v, w]L)(x¯) + δ(ρ1([u, v, x]L)(u¯)
= B([u, v, w]L)(x) +B([u, v, x]L)(w) = 0.
Therefore, (T ∗θ (L), qL, α
′
) is a metric hom 3-Lie algebra. Also, for every x ∈ L0, i ∈ I,
qL(σ(x), σ(i)) = qL(x¯, δ(i)) = δ(i)(x¯) = B(x, i).
Thus (G,B, β) is isometric to (T ∗θ (L), qL, α
′
).
The proof of the above theorem tell us that the 3-cocycle θ associated with ad∗
depends on the choice of the isotropic subspace L0(of G) which is complementary to the
ideal I. Different T ∗θ (L)-extensions of a metric hom 3-Lie algebra may lead to the same
metric hom 3-Lie algebra.
6 Conclusions
This paper gives the definition of hom 3-Lie algebras and shows that the direct sum of two
hom 3-Lie algebras is still a hom 3-Lie algebra. For any nonnegative integer k, we define
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αk-derivations of multiplicative hom 3-Lie algebras study derivations of multiplicative hom
3-Lie algebras. In particular, any α-derivations gives rise to a derivation extension of the
multiplicative hom 3-Lie algebras (L, [·, ·, ·]L, α)(Theorem 3.5). We also give the definition
of representations of multiplicative hom 3-Lie algebras and show that one can obtain the
semidirect product multiplicative hom 3-Lie algebras (L ⊕ V, [·, ·, ·]ρA, α + A) associated
to any representation ρA on V of the multiplicative hom 3-Lie algebras (L, [·, ·, ·]L, α)
(Proposition 4.2). In the end of the paper, we describe module extensions (associated
with a 3-cocycle) of hom 3-Lie algebras and study T ∗θ -extensions (Definition 5.1)of hom
3-Lie algebras.
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